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ABSTRACT 
This paper addresses the issue of position/force tracking for a constrained robot within the framework of 
impedance control. An adaptive controller is developed in which a varying desired impedance is  
adaptively tuned  with the robot’s position tracking error.  It guarantees the asymptotic convergence of the 
robot position tracking error and the boundedness of the constraint  force  tracking error. Simulation  results 
are provided to verify   the effectiveness of the scheme. 
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1. INTRODUCTION  
 
Impedance control is one of the effective control approaches for position/force control of 
constrained robots.   It is aimed to achieve  a desired  generalized dynamic impedance without directly 
controlling the robot’s position and constraint force.  Model-based computed torque control [1,2,3]  was the 
main control method. To handle uncertainties,  various adaptive or robust  impedance control schemes were 
developed in the literature [4,5]. Some  new control methods such as neural network control have also been  
introduced into  impedance control schemes [6]. 
  
Impedance control is applicable in both constrained and unconstrained motion of robots and shows good 
robustness to uncertainties and disturbances [7].  Traditional impedance control cannot guarantee the 
tracking of the robot's position and the constraint force.  Some  approaches have been  proposed  to 
overcome this drawback.  In [8], direct control of the force in impedance control was realized by varying 
the robot's desired trajectories through a PI adaptive control law. In [9], the desired impedance was treated 
as the dynamic model of a plant driven by the constraint force.   The control torque was then derived to 
directly control the robot’s position through a model reference adaptive control.  In [3], a   parallel control 
scheme was presented which incorporates hybrid position/force control and  impedance control.  It  
requires  an on-line  modeling of the constraint surface . 
 
In this paper,  an adaptive impedance control scheme is  developed to achieve the  asymptotic convergence 
of the  robot position  tracking error  and the boundedness of  constraint force  error.   The rest of  the paper 
is organized as follows. In Section 2, the dynamic model of the constrained robot is given. In Section 3, the 
impedance model of the robot and  the environment is derived. In Section 4, the adaptive impedance 
controller is presented.   In Section 4, simulation studies are carried out to show the effectiveness of the 
proposed controller, followed by the conclusion about the work presented in the paper.   
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2. DYNAMIC MODEL   
 
Consider the  dynamic model of  a constrained robotic manipulator  [3][11][12]: 
 
                                   fqJqGqqqCqqM T )(+=)(+),(+)(     (1) 
 
where nRq ∈  are the joint displacements, nRq ∈  are the joint velocities, nnRqM ×∈)(  is the inertia 
matrix, nnRqqC ×∈),(   is the coriolis and  centrifugal force matrix,  nRqG ∈)(  is the  gravitational 
force, nR∈τ are the joint torques, nmRqJ ×∈)( is the Jacobian matrix, mRf ∈  is the constraint force,  
n  is the degree of freedom of the robot, and m  is the dimension of the work space. 
 
Through the following  kinematic relationships 
 
        )(= qr ,      qqJr  )(=   (2)  
 
where mRr ∈   and mRr ∈ are  the position and the velocity of  the  robot's end effector,  the robot 
dynamics in  the operational space is derived : 
 
                                           fqJqGqqqCrqM Trrr +=++ − τ)()(),()(    (3) 
 
where 
)()()()( 1 qJqMqJqM Tr −−=  
                                          ))(),()()()((),( 11 qJqqCqJqMqJqqC Tr −−− +=   
)()()( qGqJqG Tr −=  
 
The above dynamic model has the following properties [6][11]: 
 
Property 1. The inertia matrix )(qM r  is symmetric and positive definite. 
Property 2. The matrix ),(2)( qqCqM rr  −  is skew-symmetric given  that ),( qqC   is  defined  with  
Christoffel symbols [3][11]. 
 
3.  IMPEDANCE MODEL 
 
In  traditional impedance control, the desired impedance  is  chosen as  [3]: 
 
)()()( rrKrrDrrMff dmdmdmd −+−+−=−    (4) 
 
where mM , mD  and mK are the constant  inertia, damping  and the stiffness matrices respectively,  df   is 
the desired  constraint force and f  is the actual constraint force 
 
The  relationship between the constraint force and the positions of the constraint and the robot  is modelled 
as  
 
)( rrKf ee −=  (5) 
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where eK  is the stiffness matrix and er  is the rest location of the constraint, and  r   is the position  of the 
contact point made by  the  end effector of the robot.  
 
From equations (4) and (5),  we have 
 
cBeeAe =++    (6) 
 
where  rre d −= ,  mm DMA
1−
= ,  )(1 emm KKMB += −  and ))((1 ededm rrKfMc −+= − . 
 
 
4. ADAPTIVE IMPEDANCE  CONTROL 
 
The objective of the controller is to make  r  converge to its desired trajectory  dr  and  ff d −  
be  bounded.   
 
Consider the following controller 
 
)( 0 fGrCuMJ rrrT −++= τ  
where 
crrBrrAru ddd ˆ)(ˆ)(ˆ0 −−+−+=   
 
with  Aˆ ,  Bˆ  and  cˆ  being the estimates of uncertain parameters  A ,  B  and c  respectively. 
 
Substituting   into the dynamic model (3), we have 
 
                                                           ceBeAe ˆ=ˆ+ˆ+     (7) 
 
Suppose that the reference model of the position tracking error  me  is  specified by  
 
                                                     0=++ mmmmm eBeAe    (8) 
 
where  mA  and  mB   are positive definite.  Obviously  0→me  and  0→me   when  ∞→t . 
 
Subtracting equation  (8)  from equation (7), we have 
 
                                ceBBeAABA mmmm ˆ)ˆ()ˆ( +−+−=++  ξξξ    (9) 
where  mee −=ξ . 
 
Defining  TTT x ][=   and  TTT eey ][ = , equation (9)  is re-written in a state space form: 
 
                             
TT
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For the convergence of  e ,  we have the following theorem. 
 
Theorem 1 For the closed-loop dynamic system (10),  0→e  and  0→e  when  ∞→t  if the 
parameters are updated by  
))(()0(ˆˆ
0
ϖττϖ +−= 
t
c dQcc   
))()(()0(ˆˆ
0
Tt T
a edeQAA  ϖτττϖ ++=   
))()(()0(ˆˆ
0
Tt T
b edeQBB ϖτττϖ ++=   
where  cQ ,   aQ , bQ   are all positive definite matrices,  ϖ  is a vector defined by 
ξξϖ TT PP 21 +=  
and the terms 1P  and  2P  are the sub-matrices of  a  symmetric positive matrix 
 






=
21
10
PP
PP
P  
 which satisfies the following Lyapunov equation 
 
                                                                    QPMPM Txx −=+    (11) 
with  Q  being a positive definite matrix. 
 
Proof: 
 
Let  iaˆ ,  ibˆ , mia  and  mib  ( ni 2,1= ) be the column vectors of  matrices Aˆ , Bˆ , mA  and mB  
respectively. 
 
Choose the following Lyapunov function candidate 
                             
)ˆˆ()ˆˆ(
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where  aQ ,  bQ  and  cQ   are positive definite matrices, and *cˆ , *ˆia  and  *ˆib  are the vectors to be 
decided later.  
 
Differentiating  V  with respect to time t  and considering equation (11), we have 
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 (12) 
 
where the fact that  0== mm ba   is used. 
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Letting 
 
                                                                    ϖcQcc −=− *ˆˆ    (13)  
                                                                   ia eQaa  ϖ=− *ˆˆ  (14)  
                                                                   ib eQbb ϖ=− *ˆˆ

 (15)   
 
and substituting them into equation (12), we have  
                                               
==
−−+−=
n
i
i
T
i
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i
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1
*
1
** 22ˆ2 ϖϖϖ    (16) 
Letting  
                                                                     ϖcQc =*ˆ   (17) 
                                                                   iai eQa ϖ=*ˆ   (18) 
                                                                     ibi eQb ϖ=*ˆ   (19) 
 
with  cQ ,  aQ  and  bQ  being all positive definite,  equation  (16)  becomes 
                       1 1
2 2 ( ) 2 ( )
0
n nT T T T
c i a i i b i
i i
T
V x Q x Q e Q e e Q e
x Q x
ϖ ϖ ϖ ϖ ϖ ϖ
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≤ − ≤
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 (20) 
 
From equation (20), we can conclude that the system (9) is stable and  0→x  ( mee →  and  mee  → )  
when  ∞→t . According to  the reference model,  we have  0→e  and 0→e  when ∞→t .  
 
 
From equations (13) to (19), we have the following adaptation laws 
                                                   ))(()0(ˆˆ
0
ϖττϖ +−= 
t
c dQcc    (21) 
                                                ))()(()0(ˆˆ
0
TT
t
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                                                 ))()(()0(ˆˆ
0
TT
t
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Q. E. D 
 
 
From equations (5) and (6), we have 
 
                                                                       eKcMff emd −=−  (24) 
 
As  c  is determined by  ded rrf ,,  and  mM ,  it is  bounded.  Obviously  ffd −  is bounded  as c  is 
bounded and 0→e . 
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Remarks: 
 
1. The controller presented above can achieve the position tracking and the boundedness of the force 
tracking errors within the framework of impedance control approach. Compared with other controllers for 
position and force tracking, it has the advantages of impedance control such as the abilities to accommodate 
both unconstrained and constrained motion and the good robustness to disturbances  [7].   
 
 
5. SIMULATIONS 
 
The simulation  example is schematically shown in Figure 1. In the example, the end effector of  
the manipulator  moves  along a part of the constraint surface and exerts a force on it at the same time. The 
length, inertia and the mass of each link of the manipulator are mli 3.0= , 
23.0 kgmI i =  and 
kgmi 1.0=  respectively ( 2,1=i ). The mass center of  each link is assumed to be in the middle of the 
link. 
r
f
dr
x
y
o θ 1
θ 2
Planned Trajectory
035.0)( =+−=Φ ddd yxr
11,1 ,lIm
222
,, lIm
Manipulator
Constraint Surface
025.0)( =+−=Φ
eee
yxr
 
 
Figure 1  Simulation Example   
 
In Figure 1,  the world coordinate is denoted by oxy .  The constraint surface is described  by  
 
                                                            025.0)( =+−=Φ eee yxr  (25) 
 
and the planned trajectory of the end effector is  
 
035.0)( =+−=Φ ddd yxr  
 
Their trajectories  in the time domain are represented by 
 
)2cos(=)( 101 ttxd ,    )2cos(35.0)( 101 ttyd −=  
 
)2cos(05.0)( 101 ttxe −= , )2cos(3.0)( 101 ttye −=  
 
Assume that  the rest position of the constraint surface is the same as  that of the constraint surface (25). 
The  planned force is  set as  TTydxdd fff ]55[][ == .  The actual value of eK  is set as 22150 ×I . 
The control parameters are chosen as follows: 2×25.1=== IQQQ cba ,  2220 ×= IAm , 
22400 ×= IBm  , 
22
1 25.1 ×= IP  222 56.6 ×= IP ,  2245)0(ˆ ×= IA , 2230)0(ˆ ×= IB , Tc ]11[)0(ˆ = . 
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The position  tracking  and the force tracking performances are  plotted in Figures 2 and 3 respectively. The 
control torques for the manipulators are given in  Figure 4.  It can be seen that under the proposed 
controller and the adaptation law, the positions  converge to their desired values and the force errors are 
bounded.  The  control torques are in the reasonable ranges. 
To examine the robustness of the controller, considering the external disturbances f~   in  the  system 
dynamics  such that  
ffqJqGqqqCrqM Trrr ~)()(),()( ++=++ − τ  
 
0 1 2 3 4 5 6 7 8 9 10
−0.2
−0.1
0
0.1
0.2
0.3
0.4
0.5
Po
sit
ion
 Tr
ac
kin
g (m
)
Time (Sec)
Dashed:  Desired position of  the end effector of  the manipulator    
    Solid:  Actual position  of  the end effector of   the manipulator
y(t) 
x(t) 
 
 
Figure  2 Position Tracking 
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Figure 3 Force Tracking 
 
Assume that the disturbances are bounded such that  25.0~ <=f  and all other conditions of the system 
remain the same. The simulation is  done again  and the  results of  position/force tracking   are plotted in  
Figures  5  and 6 respectively. The control torques for the manipulators are given in  Figure 7. Compared 
with the results for the cases without external disturbances, the performance of the controller is  
satisfactory.  The position tracking  is still   maintained except for some variations on  the tracking  of 
)(tx . The force  errors are  kept bounded though the bounds become bigger. Control  torques show bigger 
alternations, but they are  in the reasonable ranges.   
. 
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Figure 4 Joint Torques of the Robotic Arm 
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Figure 5 Position Tracking with External Disturbances 
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Figure 6 Force Tracking with External Disturbances 
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Figure 7 Joint Torques of the Robotic Arm with External Disturbances 
 
 
6. CONCLUSIONS 
 
In this paper,  an adaptive impedance control scheme  has been  presented for  the control of a 
constrained robot.  The parameters of the constraint environment are unknown and the desired impedance 
was treated as time varying and was adapted with the robot’s position tracking error.   Under the proposed 
controller, the position of the robot converge to its desired trajectory and the constraint force error is 
bounded.  Simulation  results have  verified    the effectiveness of the  control scheme. 
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